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Low-Dimensional Self-Bound Quantum Rabi-Coupled Bosonic Droplets
Emerson Chiquillo
Escuela de F´ısica, Universidad Pedago´gica y Tecnolo´gica de Colombia (UPTC),
Avenida Central del Norte, 150003 Tunja, Colombia
We analytically calculate the leading quantum corrections of the ground-state energy of two- and
one-dimensional weakly interacting Rabi-coupled Bose-Bose mixtures in the frame of the Bogoliubov
approximation. We show that to repulsive intraspecies and attractive interspecies interactions, the
effect of quantum fluctuations favors the formation of self-bound droplets. These liquidlike states
are crucially affected by the Rabi coupling, leading thus to the appearance of a quantum instability.
We derive meaningful formulas to describe the droplet phase in the one-dimensional case.
Introduction. In the last few years, self-bound states in
ultracold and ultradilute gases beyond the mean-field ap-
proximation have attracted the attention providing new
opportunities for experimental and theoretical research.
In the pioneering theoretical works [1, 2], the quantum
fluctuations have been proposed as the main stabiliza-
tion mechanism of such self-bound structures in Bose-
Bose mixtures, revealing the crucial role played by quan-
tum many-body effects. This stabilization lies in the bal-
ance of the mean-field contribution, close to the collapse
threshold, and the first quantum correction coming from
the zero-point motion of the Bogoliubov excitations, al-
lowing thus the birth of a new phase of matter, called liq-
uidlike quantum droplet. Soon after this prediction, and
in a different context, droplets in dipolar gases of atoms
of 164Dy [3–6] and 168Er [7] were discovered. These in-
triguing breakthroughs reveal that strongly bosonic gases
of magnetic atoms do not necessarily collapse, as previ-
ously assumed from a purely mean-field viewpoint. In-
stead, they get into a dipolar droplet phase. More re-
cently, the predictions in Ref. [1] have been experimen-
tally achieved with ultracold and dilute mixtures of gases
of 39K atoms [8–10]. From a theoretical viewpoint, such a
droplet phase remains ultradilute and weakly interacting,
allowing for a perturbative description [11, 12]. In order
to explain the experimental results obtained with dipo-
lar Bose gases, a generalized time-dependent nonlocal
Gross-Pitaevskii equation has been solved [13–18]. There
have also been numerical works [19–21]. In the study of
the leading quantum corrections in Bose-Bose mixtures,
works employing Monte Carlo methods have also been
carried out [22, 23]. Thermal corrections on mixtures of
two-component bosonic gases with short-range interac-
tions have been studied in Ref. [24].
On the other hand, in the last decade, laser beams
have been used to induce artificial transitions among dif-
ferent atomic hyperfine states [25, 26]. In the framework
of the mean-field approximation, extensive research was
addressed to understand the properties of these synthetic
non-Abelian gauge fields in neutral bosonic mixtures of
ultracold gases [27–29]. These works have opened the
door to a fascinating and fast development of phenomena
with spin-orbit- and Rabi-coupled ultracold atoms [30].
Recently, a connection between the synthetic Rabi cou-
pling and the quantum droplets in a three-dimensional
(3D) two-component Bose gas of interacting alkali-metal
atoms was investigated in Ref. [31]. However, the liquid-
like droplet phase is more ubiquitous and remarkable in
low-dimensional Bose-Bose mixtures, as predicted in Ref.
[2]. Thus these systems have given rise to great exper-
imental and theoretical interest. Then, for the best un-
derstanding of the behavior of interacting pseudospinor
bosonic systems in a lower dimensionality, it is impor-
tant to analyze the quantum effect induced by the Rabi
coupling.
In this Rapid Communication, motivated by the en-
hanced role of beyond-mean-field effects in ultracold
gases, and the fast development of artificial couplings
between atomic internal states, we address theoreti-
cally the formation and stability of self-bound liquid-
like droplets in low-dimensional Rabi-coupled ultracold
bosonic atoms. We consider two- and one-dimensional
two-component mixtures, and we focus on the interest-
ing case where the intraspecies interactions are weakly
repulsive and the interspecies ones are weakly attrac-
tive. We obtain the conditions of formation of self-bound
droplets in terms of the Rabi coupling and the strength
of the interactions. Remarkably, we find that in both
two- and one-dimensional scenarios, there is a critical
Rabi frequency beyond which the self-bound droplet be-
comes unstable. In the one-dimensional (1D) case, and
by considering a small Rabi-coupling regime, we obtain
meaningful analytical formulas to describe the ground
state of the droplet phase. It is also relevant to stress
that such a 1D instability is similar to the collapse in
a 3D Bose-Einstein condensate (BEC). At equilibrium
some relevant quantities are also calculated, such as the
chemical potential and speed of sound.
Rabi-coupled bosons. Consider the path-integral for-
malism for two interacting and equal-mass Rabi-coupled
bosonic species with hyperfine states (↑, ↓), and governed
by the action
S[Ψ,Ψ∗] =
∫∑[
ψ∗α
(
~
∂
∂τ
− ~
2
2m
∇2 − µ
)
ψα
+
1
2
∑
σ
gασ|ψα|2|ψσ|2 − ~ωR(ψ∗↑ψ↓ − ψ∗↓ψ↑)
]
,(1)
where we have used the shorthand notation
∫∑ ≡∫ ~β
0
dτ
∫
LD
dDr
∑
α, β = 1/kBT , kB is the Boltzmann
2constant, D = 1, 2, and α, σ =↑, ↓. Given the pseu-
dospinor Ψ = (ψ↑, ψ↓)
T , each component is described
by a complex bosonic field ψα(r, τ), ψσ(r, τ). Interac-
tion effects will be taken into account through the intra-
and interspecies coupling constants gαα and gασ, respec-
tively. These couplings are related to the s-wave scat-
tering lengths aαα and aασ, which depend on the dimen-
sionality of the system as discussed later. Transitions be-
tween the two states are induced by an external coherent
Rabi coupling of frequency ωR. Due to the Rabi mixing
between the states, only the total number of particles is
conserved [32]. Thus it is assumed that the two compo-
nents are in a state of chemical equilibrium µ, where the
chemical potential for the two components is the same
[33, 34].
In order to calculate the ground state of the mixture
we obtain the grand potential Ω = −β−1 lnZ, where
Z = ∫ D[Ψ,Ψ∗] exp (−S[Ψ,Ψ∗]/~). To this end, we con-
sider the superfluid phase, where a U(1) gauge symmetry
of each component is spontaneously broken. Then we can
set ψα(r, τ) =
√
nα + ηα(r, τ), where
√
nα corresponds
to the macroscopic quasicondensate (mean-field approx-
imation), and nα = |ψα|2 is the two- or one-dimensional
quasicondensate density. Although strictly Bose-Einstein
condensation is prevented in low dimensionality, a finite-
size system at a sufficiently low temperature allows for
a quasicondensation [35, 36]. The Gaussian fluctuations
around
√
nα are given by ηα(r, τ). So, by expanding the
action up to the second order in ηα(r, τ) and η
∗
α(r, τ)
[37], we arrive at the beyond-mean-field grand potential
Ω(µ,
√
n↑,
√
n↓) = Ω0(µ,
√
n↑,
√
n↓) + Ωg(µ,
√
n↑,
√
n↓)
[38]. Here, Ω0 gives the mean-field contribution, while
Ωg takes into account the Gaussian fluctuations at zero
temperature. Since we want
√
nα to describe the qua-
sicondensate, then in the action, the linear terms in the
fluctuations vanish such that
√
nα really minimizes the
action [39]. Thus the mean-field approximation is ob-
tained by minimizing Ω0 with respect to
√
nα. To get
solutions from this condition, we use equal interspecies
coupling constants g11 = g22 = g. In this way, two possi-
ble ground states are obtained, a symmetric and a polar-
ized one [34]. Hereafter, we focus on the symmetric con-
figuration with n1 = n2 = n/2. So, we find the relation
between the variational parameter n and the chemical po-
tential µ, such that n = 2µR/g+, where µR = µ + ~ωR,
g+ = g(1+ǫ), and ǫ = g↑↓/g. In that case, the mean-field
grand potential simplifies to [31]
Ω0
LD
= −µ
2
R
g+
. (2)
The contribution of the zero-temperature Gaussian fluc-
tuations for the symmetric ground-state and equal inter-
species strengths reads
Ωg
LD
=
1
2
SD
(2π)D
∫ ∞
0
dk kD−1[Ea(k, µ) + Eb(k, µ)], (3)
with SD = 2π
D/2/Γ(D/2), the Rabi-bosonic excitations
Ea = [ε(k)[ε(k) + 2µR]]
1/2, and Eb = {ε(k)[ε(k) +
2A¯(µ, ωR, ǫ)] + B¯(µ, ωR, ǫ)}1/2, where we have the free-
particle energy ε(k) = ~2k2/2m, A¯ = µR∆ + 2~ωR,
B¯ = 4~ωR(µR∆+ ~ωR), and ∆ = (1− ǫ)/(1 + ǫ).
Two-dimensional model. We first discuss
the two-dimensional (2D) case with g =
4π~2m−1/ ln(4e−2γ/a2κ2)≪ 1 [40], where a is the
two-dimensional scattering length, γ ≈ 0.5772 is the
Euler-Mascheroni constant, and κ is a wave-number
cutoff. A suitable value of κ can always be found in the
weakly interacting regime [2]. The repulsion (attraction)
is reached for scattering lengths exponentially small
(large) compared to the mean interparticle separation.
The contribution arising from quantum fluctuations in
Eq. (3) is ultraviolet divergent. An approach to avoid
this problem is through regularization methods [41–45].
We obtain a fully analytical regularized momentum
integration of Eq. (3) (see Supplemental Material [46]).
So, in the ultradilute limit defined by na2 ≪ 1, the
2D homogeneous grand potential at zero temperature,
including the mean-field contribution, gives
Ω
L2
= −µ
2
R
g+
− m
8π~2
µ2R ln
( ǫc√
eµR
)
− m
8π~2
µ2R∆
2 ln
( ǫce−δ¯/2
µR∆+ 2~ωR
)
, (4)
where δ¯ = (1−
√
B¯/A¯)/(1+
√
B¯/A¯), and the low-energy
cutoff ǫc = ~
2κ2/m. From Eq. (4), the density n is given
by
n =
2µR
g+
+
mµR
4π~2
ln
( ǫc
eµR
)
+
mµR∆
2
4π~2
{
ln
( ǫce−δ¯/2
A¯
)
− µR∆
2A¯
[
1 +
2∆A¯~ωRµR√
B¯(A¯+
√
B¯)2
]}
. (5)
The homogeneous ground-state energy density E = E/L2
also can be read as
E = 1
4
g+n
2 − ~ωRn+ m
32π~2
g2+n
2 ln
(√eg+n
2ǫc
)
+
m
32π~2
g2−n
2 ln
(g−n+ 4~ωR
2ǫce−δ/2
)
, (6)
with g− = g(1 − ǫ), δ = (1 −
√
B/A)/(1 +
√
B/A),
2A = g−n+4~ωR, and B = 2~ωR(g−n+2~ωR). Now, for
simplicity, we set m = ~ = 1, and we consider the inter-
esting case of weakly attractive inter- and weakly repul-
sive intraspecies interactions, where 1/a↑↓ ≪
√
n≪ 1/a.
Notice that for ωR = 0 we recover the results employed
in the study of a two-dimensional and dilute liquidlike
droplet phase. We find that such a self-bound structure is
present even in the presence of the Rabi frequency, how-
ever, it can be unstable. Following the lines of Ref. [2], we
introduce a new energy cutoff ǫ˜c including the set of cou-
pling constants defined as g˜ = 4π/ ln(4e−2γ/a2ǫ˜c), and
g˜↑↓ = 4π/ ln(4e
−2γ/a2↑↓ǫ˜c). We choose ǫ˜c = 4e
−2γ/a↑↓a
such that g˜2↑↓ = g˜
2. Provided that ǫ˜c/ǫ is not exponen-
tially large, g and g˜ are equivalent. Thus from Eq. (6)
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FIG. 1. The shifted energy per particle E/n+ωR vs the den-
sity n for a two-dimensional self-bound Rabi-coupled droplet
in a Bose-Bose mixture, Eq. (7). The solid black line cor-
responds to a droplet phase without Rabi coupling. We also
take into account different values of Rabi coupling, ωR = 0.2
(blue, dashed line), ωR = 2.5 (green, circles), and the critical
value ωcR = 5.0 (red, triangles).
the energy per particle becomes
E
n
= −ωR + g
2n
8π
ln
(gn+ 2ωR
ǫ˜ce−δ˜/2
)
, (7)
where δ˜ = (1−
√
B˜/A˜)/(1+
√
B˜/A˜), A˜ = gn+2ωR, and
B˜ = 4ωR(gn+ωR). The mean-field contribution of Rabi
coupling gives rise to an energy per particle shift [47, 48].
However, we show that for fixed values of energy cutoff
ǫ˜c = 10, and the coupling constant g = 0.6, the increase
of ωR in the quantum correction induces a self-bound
droplet instability as plotted in Fig. 1. This effect is
completely missed by the mean-field approximation. We
also find that the energy-cutoff dependence of Eq. (7)
leads us to establish that the droplet becomes unstable
for ǫ˜c ≤ 2ωR.
The above results apply to a purely 2D system. How-
ever, let us now comment briefly on the applicability of
these in quasi-2D mixtures. We analyze the case of a
harmonic confinement. In a quasi-2D system we have
a = 2l0
√
π/Be−
√
pi/2l0/a
(3D)−γ [40], with a(3D) the three-
dimensional scattering length, l0 the oscillator length of
the trap in the confinement direction, and B ≈ 0.9. So,
the weakly interacting quasi-2D regime is reached as long
as 0 < −a(3D)↑↓ < a(3D) ≪ l0 [2].
One-dimensional model. We now turn to the weakly
interacting one-dimensional scenario, which requires
|g|/n ≪ 1. In particular, the 1D interparticle interac-
tion can be well approximated by an effective coupling
constant g = −2~2/ma [49], with a the 1D scattering
length. In an attempt to get an analytical solution of
Eq. (3), and thus insights of the underlying physics, we
consider the limit of small Rabi coupling. Then, by ex-
panding up to the linear term in the Rabi frequency, we
find that Eq. (3) presents ultraviolet divergences, and
an appropriate modification is necessary to cure these
[41–45]. We employ dimensional regularization (see Sup-
plemental Material [46]). In this way, the regularized
and homogeneous grand potential at zero temperature,
including the mean-field contribution, is
Ω
L
= −µ
2
R
g+
− 2
3π
(m
~2
)1/2
µ
3/2
R −
2
3π
(m
~2
)1/2
(µ∆)3/2
− ωR
π
(mµ∆)1/2
[
∆+
1
2
ln
( ǫc
µ∆
)]
, (8)
where ǫc ≡ ~2κ2e4/64m, with κ an arbitrary wave-
number scale or renormalization scale parameter. The
logarithmic contribution, although unusual in a 1D
model, is proper for the regularization of the integrals
provided by Eq. (3), and its effect is discussed later.
The respective one-dimensional density is written as
n =
2µR
g+
+
1
π
(m
~2
)1/2
(µ
1/2
R +∆
3/2µ1/2)
+
ωR
2π
√
m∆
µ
[
∆+
1
2
ln
( ǫc
eµ∆
)]
, (9)
and the ground-state energy density is given by
E = 1
4
g+n
2 − ~ωRn− 1
3π
( m
2~2
)1/2
n3/2(g
3/2
+ + g
3/2
− )
− ωR√
2π
(mg−n)
1/2
[
∆+
1
2
ln
( 2ǫc
g−n
)]
. (10)
From a mean-field viewpoint, and in the absence of Rabi
coupling, the condition 0 < ǫ < 1 is employed in order
to avoid phase separation [50, 51]. However, for ǫ > 1,
the inclusion of Rabi coupling gives rise to an effective
attraction between the species, which can drive the im-
miscible configuration into a miscible state [52]. Instead,
from energy (10), we find that for repulsive intraspecies
and interspecies interactions (g, g↑↓ > 0) with ǫ > 1, the
quantum corrections destabilize the system. On the other
hand, in the regime of repulsive (g > 0) intraspecies and
attractive (g↑↓ < 0) interspecies interactions for ǫ < −1,
the system becomes fully attractive and unstable, con-
trasting thus the three-dimensional one [31]. In such a
3D scenario, the resulting energy density displays an in-
terplay between an attractive mean-field term ∝ −n2 and
a repulsive beyond-mean-field correction ∝ n5/2. This
feature opens the door to the possibility of observing a
droplet phase. We now focus on the regime of repulsive
intraspecies and attractive interspecies interactions with
|ǫ| ∼ 1 [2]. By using g = 2~2/m|a|, g↑↓ = −2~2/m|a↑↓|
[49], and by taking EB = ~
2/m|a|2 as the energy unit, we
define n¯ = n|a|, ω¯R = ~ωR/EB, and ǫ¯c = ǫc/EB. Thus
we get the scaled energy per particle of ultradilute and
uniform Rabi-coupled mixtures E¯/n¯ = E/(n¯EB/|a1D|) as
E¯
n¯
=
1
2
ǫ−n¯− ω¯R − 4
√
2
3π
n¯1/2 − 2
√
2
π
ω¯R
ǫ−n¯1/2
, (11)
40.0
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ω¯
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|ǫ|
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Unstable
FIG. 2. Stability diagram of one-dimensional self-bound
Rabi-coupled droplets in Bose-Bose mixtures. The green band
shows the asymptotic behavior |ǫ| → 1.
where ǫ− = 1− |ǫ| → 0. In this regime, we find that
1
ǫ−
≫ 1
4
ln
( ǫ¯c
4n¯
)
. (12)
So, we check that the logarithmic contribution of energy
(10) does not affect the results, and hence it is neglected
[53]. This expression accounts for the beyond-mean-field
attractive correction to the ground-state energy. In the
absence of Rabi coupling such a mixture gets into a pure
dilute liquidlike droplet state. Here, we find that such
energy per particle with ω¯R 6= 0 displays that the Rabi
coupling shifts the ground-state energy of the self-bound
droplet, and also it leads to the possibility of obtaining
a quantum mechanical instability of the mixture. By
minimizing Eq. (11) with respect to density, we find two
possible physical solutions which are written as
n¯j =
128
81π2ǫ2−
[
cos
[1
3
cos−1 θ(ω¯R, |ǫ|)− 2π
3
j
]
+
1
2
]2
,(13)
where θ = 1 − 729π2ω¯Rǫ−/128, and j = 0, 1. For j = 0
we have the equilibrium density, hereafter called n¯0, while
for j = 1 the solution is a local maximum. From n¯0 we
find a stable mixture for 0 < ω¯R(1−|ǫ|) ≤ 256/729π2, as
plotted in Fig. 2. The green band shows the asymptotic
behavior |ǫ| → 1. This diagram could be understood
as a result of the combined attraction-repulsion effect of
the different contributions in Eq. (11). As a particular
case we display in Fig. 3 the energy per particle given
by Eq. (11) as a function of the density. We consider
a fixed value of |ǫ| = 0.9. The increase of ω¯R shows
as the local minimum disappears when this frequency
exceeds the critical value of ω¯cR ≃ 0.356, as predicted
by Eq. (13). Beyond this critical parameter we have an
effective attraction between atoms and the ground state
becomes unstable. This is a similar mechanism to the
instability by collapse in a single-component 3D BEC
-5
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n¯
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FIG. 3. The energy per particle E¯/n¯ vs the density n¯ for an
one-dimensional Rabi-coupled Bose-Bose mixture, Eq. (11).
The dashed line (blue) represents the droplet phase in the
absence of Rabi coupling. The solid line (red) considers ω¯R =
0.2. The dotted line (green) corresponds to the critical value
ω¯cR ≃ 0.356 at which the system becomes unstable. Inset: We
present the local minimum localization of E¯/n¯ and predicted
by Eq. (13).
[50, 51]. We also calculate the spinodal region of the
mixture n¯sp, which is defined by the condition ∂2E¯/∂n¯2 =
0. This spinodal density has the same form of Eq. (13),
provided that ǫ− → 4ǫ−/3 and ωR → 4ωR/9. So, the
mixture is thus metastable for n¯sp < n¯ < n¯0. In the case
of |ǫ| = 0.9 and ωR = 0.2, we find a metastable mixture
for 18.085 < n¯ < 28.945. From the ground-state energy
density of the Rabi-coupled droplet, Eq. (11), we also
get some relevant quantities as the equilibrium chemical
potential µ¯0 = µ¯(n¯ = n¯0),
µ¯0 = ǫ−n¯0 − ω¯R − 2
√
2
π
n¯
1/2
0 −
√
2
π
ω¯R
ǫ−n¯
1/2
0
, (14)
and the corresponding scaled speed of sound c¯0 ≡
c0/
√
EB/m, given by
c¯0 =
(
ǫ−n¯0 −
√
2
π
n¯
1/2
0 +
1√
2π
ω¯R
ǫ−n¯
1/2
0
)1/2
. (15)
Let us now comment on the applicability of these
results in quasi-1D mixtures. In a quasi-1D system
where a harmonic radial confinement with oscillator
length l⊥ is assumed , the relation between a
(3D) and
the one-dimensional scattering length is a = −l⊥(l⊥ −
Ca(3D))/a(3D) [49], with C ≃ 1.0326. So, an effective
weakly interacting quasi-1D regime is obtained as long
as the radial confinement, fixed by the radial oscillator
length, is much greater than the three-dimensional scat-
tering lengths, i.e., l⊥ ≫ a(3D) > −a(3D)↑↓ > 0.
Conclusion. We study ultracold and ultradilute
weakly interacting low-dimensional Rabi-coupled Bose-
Bose mixtures beyond the mean-field approximation. In
5particular, we focus on the case where the interspecies
interactions are weakly attractive and the intraspecies
ones are weakly repulsive. Our results show that in these
regimes such mixtures manifest the formation of a liq-
uidlike Rabi-coupled droplet phase including a quantum
instability encoded in the Rabi frequency. Remarkably,
in the 1D mixture we provide an analytical equilibrium
density, and also identify the spinodal region of the self-
bound droplets. Furthermore, in the stable liquidlike
state, we also calculate the chemical potential, and the
speed of sound. The above general features of Rabi-
coupled droplets are directly linked to the crucial nature
of the quantum fluctuations, and hence may stimulate
and play an interesting role in future experiments. It
also may be interesting to verify the validity of our re-
sults by means of the recent developments on quantum
Monte Carlo methods [22, 23].
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7I. SUPPLEMENTAL MATERIAL
Grand potential in two dimensions. From Eq. (3) in
main text, the grand potential in two dimensions takes
the form
Ωg
L2
= Ia + Ib, (16)
where,
Ia =
∫ ∞
0
dk
4π
k
√
~2k2
2m
(
~2k2
2m
+ 2µR
)
, (17)
and
Ib =
∫ ∞
0
dk
4π
k
√
~2k2
2m
(
~2k2
2m
+ 2A¯
)
+ B¯. (18)
To calculate Ia, we employ dimensional regularization in
the modified minimal subtraction scheme MS-scheme. In
a similar way, this integral also is calculated by means of
convergence-factor regularization (CFR) [1], with same
results. To deal with the second term we use the CFR
method. Thus, Ia is extended to a noninteger and generic
D = 2− 2ε¯ dimension, and the limit ε¯→ 0 is applied at
the end of the calculation. So
Ia = − mµ
2
R
4π3/2~2
(
~
2π
mµR
)ε¯(eγκ2
4π
)ε¯
Γ
(3
2
)
×
[1
ε¯
+ ln
( 4
eγ+1/2
)]
, (19)
where κ is an arbitrary wavenumber scale or renormaliza-
tion scale parameter. The factor (eγ/4π)ε¯ is introduced
so that, after minimal subtraction of the poles in ε¯, κ co-
incides with the renormalization scale of the MS-scheme
[2]. Then by expanding Ia in terms of the parameter ε¯,
we get
Ia = −mµ
2
R
8π~2
[1
ε¯
+ ln
(
~
2κ2
mµR
√
e
)
+O(ε¯)
]
. (20)
By performing the appropriate counterterms subtraction
to remove the pole in ε¯ [3–7], and by using the limit
ε¯ → 0, we obtain the second term in Eq. (4) of main
text.
Regarding to Ib, we have
Ib =
m
2π~2
∫
dz
[
z
√
z4 + 2A¯z2 + B¯
−
(
z3 + A¯z +
B¯ − A¯2
2z
)]
, (21)
with z2 = ~2k2/2m. The counterterms are determined
by expanding the Rabi excitation Eb at high momentum
[8]. Solution of this integral is given by the last term in
Eq. (4) of main text.
Grand potential in one dimension. In the one-
dimensional case and employing the approximation of
small Rabi-coupling, Eq. (3) of main text is written as
Ωg
L
= Ia + I1 + I2 + I3, (22)
where the integrals Ia, I1, and I2 are calculated by means
of dimensional regularization (with same results using
CFR). Thus
Ia =
∫ ∞
0
dk
2π
√
~2k2
2m
(
~2k2
2m
+ 2µR
)
= − 2
3π
(m
~2
)1/2
µ
3/2
R , (23)
I1 =
∫ ∞
0
dk
2π
√
~2k2
2m
(
~2k2
2m
+ 2µ∆
)
= − 2
3π
(m
~2
)1/2
(µ∆)3/2, (24)
and,
I2 =
1
π
ωR(∆ + 2)(mµ∆)
1/2
∫ ∞
0
x√
x2 + 1
= −ωR
π
(∆ + 2)(mµ∆)1/2. (25)
with x2 = ~2k2/4mµ∆. Integration over momentum of
I3 it is still divergent, so we also use the MS-scheme.
Then through D = 1− 2ε¯, we get
I3 =
1
π
ωR(mµ∆)
1/2
∫ ∞
0
1
x
√
x2 + 1
=
ωR
2π
(mµ∆)1/2
( π~2
mµ∆
)ε¯(eγκ2
4π
)ε¯Γ(−ε¯)Γ(12 + ε¯)
Γ(12 − ε¯)
=
ωR
2π
(mµ∆)1/2
[
− 1
ε¯
+ ln
(64mµ∆
~2κ2
)]
+O(ε¯) (26)
By taking into account the appropriate counterterms sub-
traction to remove the pole in ε¯, and applying the limit
ε¯ → 0, we obtain the last term of Eq. (8) in main text.
I3 also is solved by means of CFR and we find equiv-
alence between both methods as long as κ2
MS
= 4q2CFR,
with qCFR a low-wavenumber cutoff.
[1] L. Salasnich and F. Toigo, Phys. Rep. 640, 1 (2016).
[2] H. Kleinert and V. Schulte-Frohlinde, “Critical Properties
of φ4-Theories”, (World Scientific, Singapore, 2001).
[3] T. Haugset , H. Haugerud, and F. Ravndal, Ann. of Phys.
266, 27 (1998).
[4] E. Braaten and A. Nieto, Eur. Phys. J. B 11, 143 (1999).
[5] P. Arnold, G. Moore, and B. Toma´sˇik, Phys. Rev. A 65,
013606 (2001).
[6] J.O. Andersen, Eur. Phys. J B 28, 382 (2002).
[7] P. A. and J.O. Andersen, Phys. Rev. D 95, 036009 (2017).
[8] A. Cappellaro, T. Macr`ı, G. F. Bertacco and L. Salasnich,
Sci. Rep. 7, 13358 (2017).
